In this paper, we consider the variational inequality problem over the generalized mixed equilibrium problem which has a hierarchical structure. Strong convergence of the algorithm to the unique solution is guaranteed under some assumptions. MSC: 47H09; 47H10; 47J20; 49J40; 65J15
Introduction
Let C be a closed convex subset of a real Hilbert space H with the inner product ·, · and the norm · . We denote weak convergence and strong convergence by the notations and →, respectively. Let A : C → H be a nonlinear mapping and let F be a bifunction of C × C into R, where R is the set of real numbers.
Consider the generalized mixed equilibrium problem which is to find x ∈ C such that If ϕ ≡ , the problem (.) is reduced to the generalized equilibrium problem which is to find x ∈ C such that F(x, y) + Ax, y -x ≥ , ∀y ∈ C.
(  .  )
The set of solutions of (.) is denoted by GEP(F, A).
If A ≡  and ϕ ≡ , the problem (.) is reduced to the equilibrium problem [] which is to find x ∈ C such that F(x, y) ≥ , ∀y ∈ C.
(  .  )
The solution set of (.) is denoted by EP(F).
If F ≡  and ϕ ≡ , the problem (.) is reduced to the Hartmann-Stampacchia variational inequality [] which is to find x ∈ C such that Ax, y -x ≥ , ∀y ∈ C.
(  .  )
The solution set of (.) is denoted by VI(C, A). ©2014 Kumam et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
where A : C → H is a strongly positive linear bounded operator, f : C → H is a ρ-contraction, and T : C → C is a nonexpansive mapping.
In this paper, we construct an algorithm and introduce the hierarchical problem over the generalized mixed equilibrium problem. The sequence {x n } is generated by the algorithm http://www.journalofinequalitiesandapplications.com/content/2014/1/405 for x  ∈ C,
where {α n }, {β n }, {λ n } ⊂ [, ], and r n ∈ (, β) satisfy some conditions. Then {x n } converges strongly to x * ∈ GMEP(F, ϕ, B), which is the unique solution of the variational inequality: 
Preliminaries
Let C be a nonempty closed convex subset of H. We have the following inequality in an inner product space:
exists a unique nearest point in C, denoted by P C x, such that
P C is called the metric projection of H onto C. It is well known that P C is a nonexpansive mapping of H onto C and satisfies
for every x, y ∈ H. Moreover, P C x is characterized by the following properties: P C x ∈ C and
for all x ∈ H, y ∈ C. Let B be a monotone mapping of C into H. In the context of the variational inequality problem the characterization of projection (.) implies the following:
It is also well known that H satisfies the Opial condition [], i.e., for any sequence {x n } ⊂ H with x n x, the inequality lim inf n→∞ x n -x < lim inf n→∞ x n -y , holds for every y ∈ H with x = y.
For solving the generalized mixed equilibrium problem and the mixed equilibrium problem, let us give the following assumptions for the bifunction F, ϕ, and the set C: (B) for each x ∈ H and r > , there exist a bounded subset D x ⊆ C and y x ∈ C such that for any z ∈ C \ D x , 
for all x ∈ H. Assume that either (B) or (B) holds. Then the following results hold: 
Lemma . []
Assume {a n } is a sequence of nonnegative real numbers such that
where {γ n } ⊂ (, ) and {δ n } are sequences in R such that
Then lim n→∞ a n = .
Strong convergence theorems
In this section, we introduce an explicit algorithm for solving some hierarchical problem over the set of fixed points of a nonexpansive and the generalized mixed equilibrium problem. and lower semicontinuous with either (B) or (B). Let {x n } be a sequence generated by the following algorithm for arbitrary x  ∈ C:
Theorem . Let C be a nonempty closed convex subset of a real Hilbert space H, A
where {α n }, {β n }, {λ n } ⊂ [, ], α n ≤ λ n , and r n ∈ (, β) satisfy the following conditions:
, which is the unique solution of the variational inequality:
Proof We will divide the proof into five steps.
Step . We will show {x n } is bounded. For any q ∈ GMEP(F, ϕ, B) and taking
From (.), we have
It follows by induction that
Therefore {x n } is bounded and so are {y n }, {Ax n }, and {f (x n )}.
Step . We show that lim n→∞ x n+ -x n = . Setting v n = [I -λ n (A -γ f )]x n and we observe that
where M  = sup{ γ f (x n ) + Ax n : n ∈ N}. Setting z n = β n x n + ( -β n )y n for all n ≥ . We observes that
where M  = sup{ x n -y n : n ∈ N}. On the other hand, from u n- = T r n- (x n- -r n- Bx n- ) and u n = T r n (x n -r n Bx n ) it follows that
and
Substituting y = u n into (.) and y = u n- into (.), we have
From (A), we have
and then
It follows that
Without loss of generality, let us assume that there exists a real number c such that r n- > c > , for all n ∈ N. Then we have
and hence
where M  = sup{ u n -x n : n ∈ N}. From (.), we have
where M  = sup{ z n -u n : n ∈ N}. Substituting (.) and (.) into (.)
from (C)-(C) and the boundedness of {x n }, {y n }, {z n }, {f (x n )}, and {Ax n }. Applying Lemma ., we obtain
Step . We show that lim n→∞ x n -u n = . For each q ∈ GMEP(F, ϕ, B), note that T r n is firmly nonexpansive, then we have
which implies that
From (.), we get
By (C), we have
By using (C) again, we get
It follows from (.) that
Then we get
that is,
On the other hand, we note that
Using (.), (.), (.), and (.), we note that
Then we have Substituting (.) into (.), we have
and it follows that
Since we have (C), (.), and (.),
By (C), we obtain
Step . Next, we will show that lim sup
Indeed, we choose a subsequence {x n i } of {x n } such that lim sup
Since {x n i } is bounded, there exists a subsequence {x n i j } of {x n i } which converges weakly to z ∈ C. We notice that w n -
we have
From (A), we also have
For t with  < t ≤  and y ∈ C, let y t = ty + ( -t)z. Since y ∈ C and z ∈ C, we have y t ∈ C. So, from (.), we have
Since u n i -x n i → , we have Bu n i -Bx n i → . Further, from the inverse strongly monotonicity of B, we have y t -u n i , By t -Bu n i ≥ . So, from (A), (A), and the weak lower semicontinuity of ϕ, u n i -x n i r n i →  and u n i w, we have in the limit
as i → ∞. From (A), (A) and (.), we also get
Letting t → , we have, for each y ∈ C,
This implies that z ∈ GMEP(F, ϕ, B). It is easy to see that P GMEP(F,ϕ,B) (I -
contraction of H into itself. Hence H is complete, there exists a unique fixed point x * ∈ H,
Step . Next, we will prove x n → x * ∈ GMEP (F, ϕ, B) , which solves the variational inequality (.). It follows from (.) that The sequence {λ n } satisfies the condition (C).
Finally, we will show that the condition (C) is fulfilled. We compute Proof Setting {α n } ≡  and T to be a nonexpansive mapping in Theorem ., we obtain the desired conclusion immediately. http://www.journalofinequalitiesandapplications.com/content/2014/1/405
